ABSTRACT. In this paper, we study smooth, semi-free actions on closed, smooth, simply connected manifolds, such that the orbit space is a smoothable manifold. We show that the only simply connected 5-manifolds admitting a smooth, semi-free circle action with fixedpoint components of codimension 4 are connected sums of S 3 -bundles over S 2 . Furthermore, the Betti numbers of the 5-manifolds and of the quotient 4-manifolds are related by a simple formula involving the number of fixed-point components. We also investigate semi-free S 3 actions on simply connected 8-manifolds with quotient a 5-manifold and show, in particular, that the Pontrjagin classes, theÂ-genus and the signature of the 8-manifold must all necessarily vanish.
For the sake of clarity, we note that Theorem A says that a 5-manifold M admitting a semi-free circle action with codimension-4 fixed-point set M union of n embedded circles. In Section 5 it will be demonstrated that all of these manifolds admit such an action, although it is difficult to pin down the diffeomorphism type of the orbit space M * . In fact, we have not ruled out the remote possibility that the actions on S 3 × S 2 and S 3× S 2 described in Section 5 yield exotic smooth structures on M * (homeomorphic to S 4 and CP 2 , respectively).
By the work of Levine [20] (see Theorem 3.1), it is known that all 4-dimensional manifolds arise as the quotient of a semi-free circle action on some 5-manifold. It is clear from Theorem A that, by increasing the number of fixed-point components, each 4-manifold may be obtained via a semi-free circle action from infinitely many different 5-manifolds. This is in marked contrast to the situation for principal circle bundles over 4-manifolds, where it has been proven by Duan and Liang [10] that at most two (simply connected) total spaces are possible for a given base. Moreover, they showed that the only 5-manifolds which can admit a free circle action are connected sums of S 3 -bundles over S 2 . In contrast, [18] Kollár has determined necessary and sufficient conditions for a 5-manifold to admit a fixed-point-free circle action, that is, with all isotropy subgroups being finite.
In particular, many additional diffeomorphism types of 5-manifolds can admit such an action. In addition to these observations, notice that, if M * is a simply connected 4-manifold and n ∈ N, then Theorem A (together with Proposition 2.1) ensures that all semi-free actions with n fixed-point components and orbit space M * occur on a fixed simply connected 5-manifold. On the other hand, it is well known that choosing a multiple mα, m ∈ Z, of a primitive α ∈ H 2 (M * ; Z) yields a principal S 1 -bundle over M * whose total space has fundamental group Z m . Thus, if b 2 (M * ) > 0, there are infinitely many pairwise non-diffeomorphic, non-simply-connected 5-manifolds admitting free circle actions with orbit space M * . Even if one restricts to the simply connected case m = ±1, the work of [10] shows that, whenever M * is not spin, there are still two possible diffeomorphism types for total spaces of the corresponding principal S 1 -bundles over M * .
Given that 5-manifolds admitting a semi-free circle action with fixed-point set of codimension four are classified by Theorem A, it is natural to ask whether all such actions can also be classified up to equivariant diffeomorphism. As it turns out, Levine [20] achieved just this in arbitrary dimensions, under certain extra hypotheses. In the present special case, it is possible to simplify his classification. Theorems A and B continue the analysis of semi-free circle actions in low dimensions initiated by Church and Lamotke in [6] . They proved that semi-free circle actions on 4-manifolds with isolated fixed points are classified up to equivariant diffeomorphism by the number of fixed points. Furthermore, only connected sums of arbitrarily many copies of S 2 × S 2 can admit such actions and, as a consequence of Perelman's proof of the Poincaré conjecture, it turns out that the orbit space (with its canonical smooth structure) is always diffeomorphic to the standard 3-sphere.
Theorem B. (i)
We now turn our attention to the study of semi-free S 3 actions on 8-manifolds with isolated fixed points. As previously mentioned, the orbit space is a 5-manifold and admits a canonical smooth structure. In their article [6] , Church and Lamotke showed that all 5-manifolds can be obtained in this way. Furthermore, they proved that if M 1 and M 2 are two 8-manifolds admitting semi-free S 3 actions with the same number n ∈ N of isolated fixed points and such that the corresponding orbit spaces M * 1 and M * 2 are diffeomorphic, then M 1 and M 2 are equivariantly homeomorphic.
As the classification result of Church and Lamotke does not provide explicit information about the topology of those 8-manifolds which admit semi-free S 3 actions with isolated fixed points, it is natural to seek a general characterization. Although a complete classification similar to that in Theorem A seems difficult, one obtains strong restrictions on a number of invariants for such spaces.
Theorem C. Let M be a simply connected, closed, smooth 8-manifold which admits a smooth, semi-free S 3 action with fixed-point set F consisting of n isolated points. Then the orbit space M * is a simply connected, closed 5-manifold admitting a canonical smooth structure such that:
In particular, the Betti numbers of M satisfy All of the actions discussed in this work are special cases of fiberings with singularities, also known as Montgomery-Samelson fiberings (see, for example, [1] , [2] , [7] , [8] , [23] , [25] , and the generalization in [17] ). It would be interesting to know whether the results of this article have analogues in this wider setting.
Our original motivation for studying semi-free actions stems from our interest in positive sectional curvature and the work of Dyatlov [11] , in which it was shown that positive curvature is preserved under taking quotients by semi-free actions of the types investigated here. While Dyatlov's results have yet to yield new examples of positively curved Riemannian manifolds, we have identified strange metrics of positive curvature on CP 3 by considering semi-free circle actions on positively curved Eschenburg spaces of cohomogeneity one.
The article is organized as follows: Basic definitions, notation and facts which will be used throughout have been collected in Section 1. Section 2 contains the proof of Theorem A, while Theorem B will be proven in Section 3. Section 4 will deal with the proof of Theorem C. Finally, in Section 5 we give some examples and constructions of semi-free actions with manifold orbit spaces.
BASIC DEFINITIONS AND NOTATION
As mentioned in the introduction, the standard n-dimensional sphere will be denoted by S n and the non-trivial S 3 -bundle over S 2 by S 3× S 2 , while the spherical Lie groups will be denoted by S 1 and S 3 . The n-dimensional open (unit) disk will be D n .
Recall that a smooth, oriented n-dimensional manifold M is said to be spin if the second Stiefel-Whitney class w 2 (M ) ∈ H 2 (M ; Z 2 ) vanishes and that being spin is an invariant of the homotopy type of a closed, smoothable manifold [29] . By Poincaré duality, a closed, simply connected 4-manifold M always has torsion-free integral cohomology, with the rank of H 2 (M ; Z) being given by the second Betti number b 2 (M ).
Furthermore, as a consequence of Barden's diffeomorphism classification [4] , if a closed, smooth, simply connected 5-manifold M has H 2 (M ; Z) torsion free of rank
, whenever M is spin, that is, whenever w 2 (M ) = 0, while
A smooth action of a compact Lie group G on a smooth manifold M is a smooth map A point p ∈ M is called a fixed point of an action if G p = G. An action will be called semi-free if there are only two orbit types: fixed points and orbits with trivial isotropy, that is, G p = G or G p = {e} for all p ∈ M . An orbit of type ({e}) will be called principal.
The set M G ⊆ M of all fixed points of an action will be denoted by F , whenever there is no confusion. In particular, F is a smooth submanifold of M with image π(F ) = F * ⊆ M * diffeomorphic to F . For this reason, F will usually also be used to refer to F * , and it will be clear from the context whether it is being viewed as a subset of M or M * .
If compact Lie groups G and G ′ act smoothly on manifolds M and N , respectively, and ϕ : G → G ′ is a Lie group homomorphism, then a smooth map f : M → N is said to be equivariant with respect to ϕ if f (g ·p) = ϕ(g)·f (p) for all g ∈ G and p ∈ M . In particular, if f : M → N is a diffeomorphism and ϕ : G → G ′ is an isomorphism, then f is said to be an equivariant diffeomorphism and the actions on M and N are said to be equivariantly diffeomorphic. In the special case that ϕ = id G , the actions will be called equivalent. Suppose now that S r , r ∈ {1, 3}, acts smoothly and semi-freely on a smooth manifold M . As the action is free away from the fixed-point set F ⊆ M and the components of F are smooth submanifolds of even codimension, it follows that the orbit space M * is stratified into smooth submanifolds given by the codimension-zero regular part M * reg := (M \F )/S r = M * \F , together with the odd-codimension components of F = F * . In particular, the link, that is, the space of normal directions, of each component of F ⊆ M * is either a complex or quaternionic projective space, depending on whether r = 1 or r = 3. Although the regular part M * reg inherits a smooth structure from that of M , the same is not true for all of M * , in general.
However, if all components of F ⊆ M are of codimension 2(r + 1), the corresponding links in M * are given by CP 1 ∼ = S 2 , if r = 1, and by HP 1 ∼ = S 4 , if r = 3. In this special case, M * is a topological manifold and, moreover, the smooth structure on M * reg can be extended in a canonical manner to all of M * , yielding the canonical smooth structure on M * . In brief, if r = 1 (resp. r = 3), there is a complex (resp. quaternionic) structure on the normal bundle to each component of F ⊆ M , and this induces a PU(2)-bundle (resp. PSp(2)-bundle) structure on the normal bundle to components of F ⊆ M * . As the actions of PU (2) on CP 1 and PSp(2) on HP 1 are equivariantly diffeomorphic to those of SO(3) on S 2 and SO(5) on S 4 , respectively, there is a canonical way to smooth the orbit space, further details of which can be found in [6] and [20] . Throughout the discussions below, it will often be assumed without comment that manifolds are closed, smooth and simply connected and that actions are smooth.
TOPOLOGY OF THE 5-MANIFOLDS
The existence of a semi-free circle action on a manifold of any dimension places strong restrictions on the fundamental group, since any orbit can easily be contracted to a point by making use of a path to a fixed point. corresponding to a principal orbit
at p * and a homotopy in M * between them. As the codimension of F ⊆ M is 4, the orbit space M * is a manifold and F ⊆ M * is a codimension-3 submanifold. By transversality, the homotopy can be made to lie entirely in M * \F , which implies that M * \F is also simply connected. Now, since M \F is the total space of a principal S 1 -bundle over a simply connected base, its fundamental group is generated by the orbit S 1 · p. Any loop in M based at p can be homotoped into M \F by transversality and, hence, to a multiple of the orbit S 1 · p.
Finally, if c : [0, 1] → M is a curve with c(0) = p and c(1) ∈ F , that is, with c(1) a fixed point, then the set
To begin the proof of Theorem A, the topology of the orbit space and the number of fixed-point components will be used to garner information about the possible diffeomorphism types for a 5-manifold which admits a semi-free circle action with fixed-point set of codimension four. In Section 5 it is demonstrated that all of these diffeomorphism types admit such an action. 
Proof. By Proposition 2.1, both M * and M are simply connected. Therefore, by [4] and Poincaré duality, it suffices to show that
to a disjoint union of n copies of
Now M \F is the total space of a principal S 1 -bundle over M * \F . From the corresponding Gysin sequence, one obtains the short exact sequence
As M is simply connected, Poincaré duality gives H 4 (M ; Z) ∼ = 0. On the other hand,
that is, to a disjoint union of n copies of S 1 × S 3 . Therefore, the Mayer-Vietoris sequence yields the short exact sequence
from which it may be concluded that
To complete the proof of Theorem A, it remains to determine the behaviour of spin structures under semi-free actions, which is quite different to that for free actions. Then, using the same notation as in the previous proof, the Mayer-Vietoris sequence with
is an isomorphism, while that for
On the other hand, the tangent bundles of M \F and M * \F are the pullbacks of the tangent bundles of M and M * under the respective inclusions. The tangent bundle of M \F is given by
Now, from the Gysin sequence for
is isomorphic to Z 2 and generated by the mod-2 reduction of the Euler class e(π) of the bundle, that is, by the second Stiefel-Whitney class
To this end, suppose that w 2 (M * \F ) = 0 and let i :
Exactness of the Mayer-Vietoris
On the other hand, as the pullback
is homotopy equivalent to the disjoint union of n copies of the
summand. In particular, reducing mod-2 yields
from which it immediately follows that w 2 (M * \F ) = w 2 (π) and, hence, that w 2 (M \F ) = π * w 2 (M * \F ) = 0, as desired.
As is also seen in Section 5, the spin structure, or lack thereof, affects the number of fixed-point components of a semi-free circle action. 2 ⌋} are achieved, from which the claim follows.
A REFINED CLASSIFICATION
Under the hypothesis that the fixed-point set has no 2-torsion in its second cohomology group, Levine [20] has given a classification of semi-free circle actions with fixedpoint sets of codimension four. As the fixed-point set of such an action in dimension five is easily understood, this classification can be simplified somewhat.
Recall Levine's classification result for semi-free circle actions with fixed-point set of codimension four has a similar flavour. Theorem 3.1 (Levine [20] The present goal is to reduce Theorem 3.1 to Theorem B in dimension 5. The following lemma will prove useful. Proof. By the work of Hatcher [15] , the diffeomorphism group of the 3-disk D 3 is homotopy equivalent to O(3). Therefore, every oriented D 3 -bundle over S 1 must be trivial. In particular, each component of the (oriented) normal disk-bundle D * (F i ) to F i ⊆ M * i is trivial. Hence, for each i = 1, 2, there is a diffeomorphism
Suppose now that there is a diffeomorphism ϕ :
In particular, this forces n 1 = n 2 =: n, since ϕ • β 1 = β 2 . Moreover, by [16, Chap. 8, Thm 2.2], the fact that the diffeomorphism
there is a diffeomorphism
which restricts to ϕ on M * 1 \D * (F 1 ) and to the identity map on
The converse statement is obvious.
Observe that the diffeomorphism Φ : M * 1 → M * 2 given in (3.1) allows for arbitrary changes of orientation and permutations of the components of the fixed-point sets, where a change in the orientation of a component of F i is necessarily accompanied by a change in the orientation of the normal disk to that component, since the orientation of M * i is fixed. In particular, this implies that the homomorphism
induced by the restriction Φ| S * (F1) = ϕ| S * (F1) of Φ to the normal sphere-bundle S * (F 1 ) ∼ = 
where j : M * \F → M * and η : S * (F ) → M * \F are the respective inclusion maps and
is the normal sphere-bundle to F ⊆ M * . In particular, H 2 (S * (F ); Z) ∼ = Z n and, hence, the sequence splits, yielding
Therefore, the Euler class e ∈ H 2 (M * \F ; Z) of the principal bundle
can be written uniquely as e = (ē, α), whereē ∈ H 2 (M * ; Z) and, by Theorem 3.1, α ∈ H 2 (S * (F ); Z) pulls back to a generator of H 2 (S 2 ; Z) under the inclusions S 2 → S * (F ) ∼ = F × S 2 of the fibres of each component of S * (F ). The elementē ∈ H 2 (M * ; Z) is that asserted in Theorem B(i). Suppose now that, for i = 1, 2, M i is a 5-manifold on which S 1 acts semi-freely with orbit space M * i and fixed-point set F i ⊆ M i consisting of n i circles. By Theorem 3.1, these actions are equivariantly diffeomorphic if and only if n 1 = n 2 (since F 1 must be diffeomorphic to F 2 ) and there is a diffeomorphism ϕ :
By Lemma 3.2, together with the subsequent remarks, ϕ can be extended to a diffeomorphism Φ : M * 1 → M * 2 with Φ(F 1 ) = F 2 and such that there is a commutative diagram
In particular, it follows that
and, hence,ē 1 = Φ * (ē 2 ), as desired. 
Therefore, by Theorem 3.1, the actions on M 1 and M 2 are equivariantly diffeomorphic. Finally, for a 4-manifold M * , letē ∈ H 2 (M * ; Z) and let F ⊆ M * be a disjoint union of n embedded circles. As M * is simply connected, the Mayer-Vietoris sequence again yields the split short exact sequence (3.2). Choose an element α ∈ H 2 (S * (F ); Z) ∼ = Z n which is a generator in each coordinate and consider the element e = (ē, α) ∈ H 2 (M * \F ; Z). By Theorem 3.1, there exists a semi-free circle action on a 5-manifold M with orbit space M * and fixed-point set F , and such that the Euler class of the principal bundle
. This completes the proof of Theorem B.
SEMI-FREE S 3 -ACTIONS ON 8-MANIFOLDS
In this section, a study of the restrictions placed on the topology of manifolds admitting semi-free S 3 actions with fixed-point components of codimension 8 is initiated. Such a manifold is of dimension at least 8 and, in the case of minimal dimension, the fixedpoint set consists of isolated points. In this scenario, Theorem C demonstrates numerous obstructions to the existence of such an S 3 action.
Theorem C will follow directly from the following lemmas. For the sake of brevity, in each case the hypothesis that M be a simply connected, closed, smooth 8-manifold equipped with a semi-free S 3 action, with fixed-point set F consisting of n isolated points, will be suppressed. The orbit space M/S 3 is a closed manifold which admits a canonical smooth structure and is, as usual, denoted by M * . By similar arguments to those in Proposition 2.1, it's easy to see that M being simply connected is equivalent to M * being simply connected. Hence, is a closed, smooth, simply connected 5-manifold.
As such, it follows that H 2 (M * ; Z) is free abelian, H j (M * ; Z) = 0 for j = 1, 4, and the
Let D(F ) ⊆ M be the union of n disjoint, S 3 -invariant 8-disks centred at the fixed points in M and let D * (F ) ⊆ M * be its image under the quotient map π : M → M * .
Since the S 3 action is semi-free, D * (F ) is a union of n disjoint 5-disks in M * .
Lemma 4.1. The integral cohomology groups of M * \F are given by
\F is obviously homotopy equivalent to a union of n disjoint copies of S 4 . Since
The remaining integral cohomology groups can now be easily deduced from the Mayer-Vietoris sequence.
Lemma 4.2. The Euler class of the principal bundle
which pulls back to a generator of the principal S 3 -bundle over each
where ϕ : M * \F → BS 3 is the classifying map, and the mapsι : D(p)\{p} → M \F and
, where deg(x) = 4, the Euler class of any principal S 3 -bundle is given by the pullback of x under the corresponding classifying map. By the Slice Theorem, the free action of S 3 on D(p)\{p} is equivalent to the free, linear S 3 action on
to the Hopf fibration S 3 → S 7 → S 4 and, as such, its Euler class
As an immediate consequence, the Euler class
Lemma 4.3. The integral cohomology groups of M are given by
In particular, the Euler characteristic of M is given by χ(M ) = n.
Proof. By Lemma 4.2, the map H
for the principal S 3 -bundle S 3 → M \F → M * \F must be injective and generate a Z-
All other integral cohomology groups of M \F can be read off from the Gysin sequence, yielding
With this in hand, the Mayer-Vietoris sequence for M with respect to the decompo-
\F is homotopy equivalent to a disjoint union of n copies of S 7 , easily yields the cohomology groups of M .
In order to determine the Euler characteristic of M , it clearly suffices to know the integral cohomology groups. Alternatively, as a circle subgroup S 1 ⊆ S 3 must have the same fixed-point set, the Euler characteristic can be determined directly via χ(M ) = χ(F ). Either way, one obtains χ(M ) = n, as desired. Proof. It suffices to show that p 1 (M ) = 0. Indeed, by Corollaries 1 and 2 of [24] (see also [3] and [30] ), any closed, smooth, simply connected 8-manifold admitting a semi-free S 3 action with isolated fixed points has trivial signature andÂ-genus. If p 1 (M ) = 0, then it follows from the Signature Theorem (or theÂ-genus) that p 2 (M ) = 0. Moreover, since dim(M ) = 8, the intersection form is a symmetric, non-degenerate, bilinear form, hence diagonalizable (over R) with b 4 (M ) equal to the total number of eigenvalues, all of which are non-trivial. As the signature of M is trivial, the intersection form must have the same number of positive and negative eigenvalues. Therefore, by Lemma 4.3,
In order to show that p 1 (M ) = 0, consider the commutative diagram
where π is the quotient map and,  are the respective inclusion maps. Since
On the other hand,
In particular, V is parallelizable. As
is free abelian, the Whitney sum formula for Pontrjagin classes yields
Finally, from the Mayer-Vietoris sequence for M = (M \F ) ∪ D(F ), one sees that 
phisms. Similarly, from the Gysin sequence for the principal bundle
From the discussion of the tangent bundles in the proof of Lemma 4.4 and the Whitney sum formula for Stiefel-Whitney classes, one obtains w 2 (M \F ) = * w 2 (M ) and
is an isomorphism, it follows that M is spin if and only if M * is spin.
EXAMPLES
It is perhaps illuminating to exhibit examples and constructions which illustrate the statements of Theorems A, B and C. This is the purpose of the present section. See [6] for additional discussion. The classification by Freedman of 4-manifolds up to homeomorphism [12] will be used freely without comment. To obtain the standard sphere S 4 , consider S 5 ⊆ C 3 equipped with the semi-free circle action induced from the following action on C 3 : 
and fixing the circle
As discussed above, the orbit space 
is a normal subgroup of T 2 , the quotient homomorphism ρ m : 
With respect to the basis given by the product decomposition
From the long exact sequence for the fibration S
, which in turn implies that (Bρ m ) * :
(with respect to the induced basis). With respect to a fixed basis of H 2 (M * \F ; Z) given by the direct-sum decomposition
Consequently, the Euler class has the form
However, since ϕ * ∈ SL 2 (Z) and the second entry of e is independent of m, it may be concluded that b = c = ±ε and d = 0, hence, that having at least two summands.
5.2. Semi-free circle actions on connected sums. For i = 1, 2, let M i be a 5-manifold admitting a semi-free circle action with fixed-point set F i ⊆ M i of codimension 4. Let n i ∈ N be the number of components of F i and let p i ∈ F i be a fixed point. In particular, the isotropy representation of S 1 on T p1 M 1 is equivalent to that on T p2 M 2 , since the action on the unit tangent 4-sphere in each case is simply the suspension of the Hopf action on S 3 .
Therefore, it is possible to perform an equivariant connected sum by removing S 1 -invariant neighbourhoods (disks) of p 1 ∈ M 1 and p 2 ∈ M 2 and gluing along the boundaries via an equivariant diffeomorphism (being careful with orientations). In so doing, one obtains a semi-free S 1 action on M = M 1 #M 2 with codimension-4 fixed-point set consisting of n = n 1 + n 2 − 1 components. To see this, note that removing S 1 -invariant disks around p 1 and p 2 involves removing arcs from the component (circle) of F 1 and F 2 containing each point. The equivariant-connected-sum operation then glues the remaining parts of these two circles along their boundaries, thus forming a single fixed circle in M . The orbit space M * of this semi-free action on M is clearly seen to be Let M = M 1 #M 2 be an equivariant connected sum as described above. The usual map from M to the wedge sum M 1 ∨ M 2 induces an isomorphism on cohomology in degree two and, by construction, maps the fixed-point set F ⊆ M to F 1 ∨ F 2 ⊆ M 1 ∨ M 2 , where F 1 ∨ F 2 denotes the wedge sum of a single component of F 1 with a single component of F 2 . Now, the image of M \F in M 1 ∨ M 2 is clearly the disjoint union of M 1 \F 1 with M 2 \F 2 . It then follows easily that the element e ∈ H 2 (M * ; Z) from Theorem B which characterizes the semi-free circle on M with fixed-point set F and orbit space M * is given by (e 1 , e 2 ) ∈ H 2 (M 1 ; Z) ⊕ H 2 (M 2 ; Z), where, for i = 1, 2, e i ∈ H 2 (M i ; Z)
is the corresponding element characterizing the semi-free action on M * i with fixed-point set F i and orbit space M * i . Observe, finally, that the examples constructed by taking equivariant connected sums as above cannot exhaust all possible actions. Indeed, by [20] (see Theorem 3.1), all 4-manifolds arise as the orbit space of a semi-free circle action on a 5-manifold, such that the fixed-point set has codimension four. However, taking equivariant connected sums5.4. Semi-free S
